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Structure of Lennard–Jones fluid near large spherical
particles: further test of the “universality” of adjustable

parameter in perturbation density functional theory
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‡University of Ljubljana, Faculty of Chemistry and Chemical Technology, Aškerčeva 5, SI-1001 Ljubljana, Slovenia

(Received December 2005; in final form March 2006)

Grand canonical Monte Carlo simulation is used to study the density profiles of Lennard–Jones (LJ) fluid next to a large hard
sphere (mimicking a colloidal particle) of various sizes. The LJ fluid in the inhomogeneous system thus maintains
equilibrium with the bulk LJ fluid. The chosen density and potential parameters for the bulk fluid correspond to the conditions
situated at “dangerous” regions of the phase diagram, i.e. near the critical temperature or close to the gas–liquid coexistence
curve. The aim of present extensive simulations is to provide exact data for the broad range of the bulk parameters against
which the “universality” of adjustable parameter associated with a perturbation density functional approximation (DFA) can
be tested. Here the term “universality” means independence of this parameter on the particular external field responsible for
the generation of a non-uniform density profile of the fluid. It is shown that the “universality” of this parameter associated
with a third order þ second order perturbation DFA holds also in the present case of a large spherical particle as a source of
external potential, similarly as established in previous studies dealing with other interaction potential and other external fields
[J. Chem. Phys., 122, 064503 (2005); J. Chem. Phys., 123 124708 (2005)]. This DFA can be used as input into a recently
proposed framework for the calculation of interparticle potential of mean force (PMF).

Keywords: Simulation; Adsorption; Interface; DFA

1. Introduction

Theoretical study of the structural and related thermo-
dynamic properties of asymmetric fluid mixtures is very
important for understanding a variety of problems in
colloid physics. Namely, a colloid dispersion can be
modeled as a multicomponent system formed by large
(macro) particles mimicking colloidal solute and smaller
molecules denoting the solvent component. The determi-
nation of the local structure of such inhomogeneous
systems has, therefore, long been the subject of intense
theoretical research and numerous studies have reported
the results of thermodynamic and structural properties of
fluids in the vicinity of macroparticles of different shapes
[1–5]. A particular attention has been paid to the
dependence of these properties on the size of colloidal
macroparticles. The structure of the molecular solvent in
the interface among colloidal particles is also responsible

for the intercolloidal solvation force, often called also as

solvent mediated or structural force emphasizing the

source of its appearance. As colloidal particles take part in

various chemical and biological reactions, knowledge of

the solvation force is also of great practical importance.

The simplest analytically tractable model, which com-

bines both the hard-core repulsion and the short-ranged

attraction, is Baxter’s sticky hard sphere fluid (SHS) [6].

As an improved model to that considering the purely hard-

core interactions among the solvent molecules, it has been

used in providing the insights into solvation in colloidal

[7–10] and confined systems [11–13]. Among more

practical potentials, the Lennard–Jones (LJ) fluid has

been the most frequently applied to model the attractive

dispersion forces in a variety of physical situations ranging

from the simplest case of modeling the interactions in

simple fluids to much more complex systems including
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solvent averaged interactions in colloidal suspensions.

This model has been especially popular also as the sample

model used for critical tests of statistical mechanical

theories.

In our previous papers [14,15], LJ model was used to

estimate the accuracy of the third order þ second order

perturbation density functional approximation (DFA) in

predicting the structure of this fluid subjected to diverse

external fields stemming from the presence of various

spatial constrains reflecting various degree of confine-

ment. For the latter, we have chosen in turn: a hard flat

interface, a planar slit consisting of two parallel, perfectly

smooth hard walls, and a closed spherical surface

mimicking a spherical cavity. DFA predictions were

tested against the results of a grand canonical ensemble

Monte Carlo (GCEMC) simulation. In the present work,

we report on an analogous study of the structure of LJ fluid

around a large hard sphere of different size mimicking an

inhomogeneous system formed by single spherical

colloidal particle immersed in a LJ solvent. The

motivation of the present investigation is to test and

confirm the “universality” of an adjustable parameter

associated with the third order þ second order pertur-

bation DFA [14,15] by comparison of the theoretical

predictions with the extensive simulation results for

dangerous regions in the phase diagram of the bulk fluid.

However, these results will also serve as a useful starting

point for the further investigation of solvent-induced

excess potential of mean force (PMF) in the similar

systems. In a recently proposed framework for the

calculation of the solvent-induced excess PMF [16–19],

the density profile of solvent particles around a single

spherical solute particle is important input information.

For this reason, a theoretical method yielding sufficient

and reliable results for this inhomogeneous fluid structure

is significant for numerical implementation of the

calculation framework.

In regard to the theoretical calculation of the density

profile of solvent particles near a single body, a powerful

theoretical tool is the classical density functional theory

(DFT) [20]. Since its introduction in classical statistical

mechanics in 1979, the classical DFT has witnessed a

great progress and until now the DFT has evolved into a

most convenient and accurate tool for the study of various

phenomena in inhomogeneous systems [21]. Considering

the fact that the main purpose of the present paper is to test

the “universality” of the adjustable parameter associated

with the perturbation DFT, it is necessary to give in this

introduction a concise chronological review about the

development of DFT approximation, especially the series

of contributions due to Zhou on which the present

theoretical calculation is based on.

A starting point of classical DFT’s development and

application in liquid physics is the pioneering work on

liquid–solid freezing transition by Ramakrishnan and

Yussouff [22,23]. However, because of the second order

truncation of the excess Helmholtz free energy, Rama-

krishnan and Yussouff’s approximation is quantitatively

inaccurate. Then, based on intuitive consideration, third

order functional perturbation expansion approximation

(FPEA) was proposed, which employed a simple

symmetric function [22,23]

Cð3Þ
0 ðr1; r2; r3Þ ¼ B

ð
dr4aðr4 2 r1Þaðr4 2 r2Þ

aðr4 2 r3Þ

ð1Þ

The kernel functions in the above expression for the

uniform third order direct correlation function (DCF)

reads: aðrÞ ¼ 6
ps 3 Q

s
2
2 r

� �
, where Q is the Heaviside

unit-step function and s the diameter of the particles.

Due to an arbitrary choice of the kernel function, such

third order FPEA is still unsuitable for its application in

a quantitative sense. An important development of the

FPEA in this direction is the high order DCF for the

uniform fluid proposed by Zhou and Ruckenstein [24]

based on a simple weighted density approximation

(SWDA) [25]. The third order version of the high order

DCFs is similar to that given by equation (1) but with an

important difference that the kernel function is

connected to the uniform second order DCF. In this

approximation, of course, the kernel function is no more

arbitrary. Subsequent development of third order

perturbation DFA based on the third order DCF proposed

in Ref. [24] indicated that the resultant third order

perturbation DFA was excellent also quantitatively

[26,27]. Especially in our recent investigations [14,15],

based on global and new simulation results, we found

that a combination of the third order DCF based on the

SWDA and partitioned DFA [28–30] for the tail part of

the interaction potential performs successfully only on

condition of high accuracy of the input uniform second

order DCF. Its accuracy and therefore applicability was

found for both the supercritical and subcritical

temperatures. For the hard sphere DFA, another

significant development represents the weighted density

approximation (WDA), which includes several different

versions, i.e. the Tarazona’s version [31], Ashcroft’s

version [32], and Rosenfeld’s fundamental measure

version [33]. However, computationally the simplest and

quantitatively the most accurate is the bridge density

functional approximation (BDFA) of Zhou and Ruck-

enstein [34,35]. Further development of the BDFA has

proven that this theory could be extended to polymer

melts [36], non-hard sphere fluids [37–39], especially

the penetrable sphere fluid [40], and binary hard sphere

mixtures [41,42] under the influence of external

potentials. Zhou proposed also the numerical version of

the BDFA [43,44]. In addition, the same author made

another important development of the perturbation DFA

referring to the so-called Lagrangian theorem-based

density functional approximation (LTDFA) [45–50],

which was extended also to binary hard sphere mixtures

[51] and polymer melts [52]. Furthermore, based on the

functional integration, Zhou extended the hard sphere
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DFAs on the level of non-uniform first order DCF to

calculate the non-uniform excess Helmholtz free energy

and surface tension [53,54]. Besides the hard sphere

DFAs based on the excess Helmholtz free energy and

first order DCF, Zhou proposed also the hard sphere

DFAs based on the bulk fluid radial distribution function

(RDF) [55,56]. However, in contrast to the fast and

extensive development of the hard sphere DFAs, the

DFA for non-hard sphere fluids lag considerably behind.

Nevertheless, there exist several routes that make

possible the application of the hard sphere DFAs to

study non-hard sphere fluids. First possibilities represent

the density functional mean field approximation

(DFMFA) and density functional perturbation approxi-

mation (DFPA) [57]; further chance refers to the

partitioned DFA [28–30,58–60]. Besides these standard

methodologies, there exists also a DFA based on the

RDF denoted by RDF-based DFA [61,62]. Finally, some

researchers employ the hard sphere DFAs directly to

non-hard sphere fluids by substitution of the expressions

for the hard sphere second order DCF and excess

Helmholtz free energy appearing in the hard sphere

DFAs by those corresponding to the non-hard sphere

fluids [63–65]. Regarding the accuracy and related

applicability of these methods, one can conclude that the

DFMFA is very poor in this respect. The DFPA, on the

other hand, makes somewhat better job in some cases but

it becomes unsatisfactory at the low bulk densities and

low temperatures. Incorporating an adjustable parameter

[54], the accuracy of the one of the versions of the

partitioned DFA [28–30] may be significantly improved.

However, the corresponding formalism may not work for

the subcritical temperatures. The reason for this

deficiency is the fact that this formalism, as an input,

needs the bulk second order DCF for many state points

with the same temperature but different bulk densities

that sometimes enter into the unstable region bounded by

the binodal line. For these conditions, where the phase

separation into dilute vapor and dense liquid phases

occurs, the Ornstein–Zernike (OZ) integral equation has

no physical solution. Although the RDF-based DFA may

be very accurate and applied to subcritical temperatures,

the many-value character originating from the bulk RDF

hampers its development. Regarding the possibility for

the direct application of the hard sphere WDAs to non-

hard sphere fluids, the resultant formalism breaks down

due to the same reason as explained in Refs. [28–30].

The DFAs that combine the convenience of high

accuracy and their applicability to both supercritical

and subcritical temperatures are the third order þ second

order perturbation DFA and a recently proposed

universal theoretical way by Zhou [66,67,68].

The structure of the paper is organized as follows. The

section 2 contains a brief description of the model and the

methods used in this study, i.e. the GCEMC simulation

and the third order þ second order perturbation DFT

approach. Numerical results for the density profiles are

presented in the section 3, where the “universality” of the

adjustable parameter in the perturbation DFT approach is

tested. Finally, some concluding remarks are given in the

last section 4.

2. Model and methods

2.1 The model

As in our previous work [15] we consider the LJ fluid with

the potential function:

uljðrÞ ¼ 41
r

s

� �212

2
r

s

� �26
� �

ð2Þ

where 1 and s are the energy and size parameters of the

potential, respectively. In the following the reduced units

are used for the absolute temperature T, T* ¼ kT/1 with k

being the Boltzmann constant.

Further, the interaction among the LJ particles and large

spherical particle of effective radius R is a hard core one:

wextðrÞ ¼ / jrj , R

¼ 0; elsewhere
ð3Þ

where wext denotes the external potential.

2.2 Open ensemble simulation

For the LJ model of equation (2) we have carried out

GCEMC simulations at constant chemical potential m,

volume V, and temperature T. This set of independent

parameters that define the thermodynamic state of the

system made possible the study of equilibrium between

the bulk LJ fluid and the same fluid subjected to external

field originating from the presence of the large spherical

particle. The general features of the GCEMC method are

described elsewhere [69]. Further, some details peculiar to

this study are discussed in our previous works [14,15].

Therein, the results of independent simulations of the bulk

LJ fluid are also presented. Apart from our interest in the

bulk interparticle correlations, these simulations were

needed to adjust the values of the chemical potential to the

desirable bulk densities. Because of the equilibrium, of

course, the same values for the chemical potential were

then used in the simulation of the present inhomogeneous

system, where, similarly as in the case of homogeneous

(bulk) phase, the Monte Carlo (MC) cell was a cubic box

with the periodic boundary conditions imposed in all three

directions. The LJ fluid surrounded a large hard sphere

located at the center of the cell. Simulations of the system

with bigger central particle requested larger dimensions of

MC box to assure distances larger than the distance where

correlations between the hard particle from the basic MC

cell and its images from the surrounding cells were still

detected. In addition, our recent works mentioned above

contain also the simulation results for the density profiles

of the LJ fluid near a single hard wall. By considering the

contact theorem, the value for an adjustable parameter was
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determined from the corresponding simulation data for

each set of the bulk potential and density parameters. This

parameter is included in the DFA theory, which is briefly

described in the next section.

The liquid–gas phase behavior of the pure LJ fluid was

investigated by Potoff and Panagiotopoulos [70]. Using

grand canonical MC simulations they determined the

liquid–vapor coexistence curve and critical point. The

critical parameters of the untruncated LJ potential were

assessed as T*
c ¼ 1:312 and r*

c ¼ 0:316.

2.3 Third order 1 second order perturbation density
functional theory

This paper represents a continuation of our previous DFA

study of the structure of inhomogeneous LJ fluid [15].

Therefore, the reader is kindly advised to check the

Section III of the Ref. [15] containing a detailed

description of the third order þ second order perturbation

density functional theory and referred to some other

papers dealing with DFA theory [24,28–30]. Here we

show only the final result for the non-uniform DCF

following from the DFA analysis [14,15]:

C ð1Þðr; ½r�. . .Þ ¼ Cð1Þ
0 ðrb. . .Þ þ

ð
dr 0½rðr 0Þ2 rb�

� Cð2Þ
0 ðjr 2 r 0j; rb. . .Þ

þ lðrb. . .Þ

ð
Cð2Þ

0hcðr; r
00; rb. . .Þ

ð
Cð2Þ

0hcðr
0; r 00; rb. . .Þðrðr

0Þ2 rbÞdr 0

� �2

dr 00

ð4Þ

where l is an adjustable parameter and rb the equilibrium

bulk density. C (n) represents the non-uniform n-order DCF

whereas CðnÞ
0 refers to the corresponding uniform counter-

part. The bulk second order DCF Cð2Þ
0 ðr;rb. . .Þ is split into

the hard-core part Cð2Þ
0hcðr; rb. . .Þ and tail part

Cð2Þ
0tailðr; rb. . .Þ. It is obtained numerically from the OZ

integral equation combined by a suitable closure relation

and an expression for the bridge functional [15,71,72].

Combination of equation (4) and the expression for the

single component density profile given by:

rðrÞ ¼ rb exp 2bwextðrÞ þ C ð1Þðr; ½r�. . .Þ2 Cð1Þ
0 ðrb. . .Þ

� �
ð5Þ

can be used to predict the density profile of the single

component atomic fluid subjected to diverse external

fields. Here, wext(r) is the external potential responsible for

the generation of the inhomogeneous spatial density

distribution r(r). In the present work the above equations

(4) and (5) are applied for the calculation of the density

profiles of LJ fluid under the influence of external potential

denoted by equation (3).

First, the adjustable parameter l for each set of

parameters of the coexistence bulk fluid is determined by

the single hard wall sum rule. The pressure of the

equilibrium bulk fluid required for this purpose is obtained

by considering the contact theorem relating the pressure

and the single hard wall contact density. For the latter we

employ the exact simulation result, the pressure being

equal to r(0.5s)/b. It means that the parameter l is

adjusted to the value ensuring the equality of the single

hard wall contact density predicted by the present DFT

approach and that obtained by “exact” simulation method.

Because of the “universality” of the adjustable parameter

l one can use the same numerical value obtained from the

single hard wall case also for other external potentials,

here the one originating from the presence of a single large

hard sphere, equation (3).

3. Numerical results and discussion

In figures 1–9, the GCEMC and density functional theory

(DFT) results for the density profiles of the LJ fluid near

large hard spheres in equilibrium with the bulk fluid are

compared. The corresponding values for the adjustable

parameter l, obtained for each temperature and bulk

density, are also presented. Calculations were performed

for three reduced temperatures: at supercritical tempera-

ture 1:008·T*
c , and at two subcritical temperatures 0:65·T*

c

and 0:80·T*
c , respectively. For the supercritical regime, the

values of the bulk reduced density cover a broad range

from 0.1 to 0.8. Subcritical regime, however, is

represented by only a few values of the bulk density

lying in narrow 1-phase regions of the phase diagram

corresponding either to monophasic gaseous state (low

densities) or monophasic liquid state (high densities).

Three different sizes of the hard sphere are considered: the

largest one with the radius R0 ¼ 5s, a relatively small

sphere of R0 ¼ 1s, and one of intermediate size R0 ¼ 2s.

The centers of the particles of LJ fluid are, therefore,

constrained to the distances r . R ¼ ðR0 þ s=2Þ. Three

Figure 1. Monte Carlo (symbols) and density functional (lines) results
for the density profiles of the LJ fluid near a large spherical particle of
effective radius R ¼ 5.5s at the supercritical reduced temperature
T*=T*

c ¼ 1:008 and at different values of the bulk reduced density. l is
the adjustable parameter determined by the single hard wall sum rule
considering the contact theorem using the exact simulation results for the
contact densities.
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sets, each containing three figures (figures 1–9), refer to

the three temperatures considered. Within the particular

sets, the individual figures successively illustrate the effect

of the decreasing of the size of the large sphere. For the

sake of clarity, the majority of figures are subdivided into

two or three parts, where the separate parts contain the

results for the same set of the model parameters except the

bulk densities.

A careful inspection of the presented local structures

around the hard spherical body leads to a conclusion that

the DFT predictions excellently agree with the simulation

results. Except at the large sphere/fluid contact surface and

its immediate vicinity, the DFT density profiles agree

quantitatively with the simulation data. Both methods

predict distinct density oscillations in the domain close to

the surface of the large particle revealing important

packing effects due to the finite size (excluded volume) of

the molecules of the fluid. Of course, the amplitude of the

oscillations depends on the density of the equilibrium bulk

fluid and also on the temperature of the system. At higher

temperatures, the attraction among the molecules loses in

importance in comparison with their thermal energy. Such

molecules thus resemble the hard (repulsive) particles

that, due to the steric shielding effects, tend to accumulate

adjacent to the boundary of the constraint thus giving rise

to higher contact values and more pronounced oscillations

Figure 2. Same as figure 1 but for R ¼ 2.5s.

Figure 3. Same as figure 1 but for R ¼ 1.5s.

figure 4. Monte Carlo (symbols) and density functional (lines) results
for the density profiles of the LJ fluid near a large spherical particle of
effective radius R ¼ 5.5s at the subcritical reduced temperature
T*=T*

c ¼ 0:65 and at two values of the bulk reduced densities: (i)
rbs

3 ¼ 0.01635 (gaseous state) and (ii) rbs
3 ¼ 0.85606 (liquid state). l

is the adjustable parameter determined by the single hard wall sum rule
considering the contact theorem using the exact simulation results for the
contact densities.
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of the density. Upon reducing temperature, the role of the

attractive part in the intermolecular potential of interaction

increases causing an efficient competition of interparticle

attraction with the steric effects. In this case, the strongly

attractive molecules try to avoid the region near the hard

sphere as they have a better chance for mutual attraction at

sufficient distances from the repulsive constraint. This

leads to a reduction of the contact density and amplitude

of the oscillations that gradually disappear. As noted

above, the agreement between the theory and simulation is

excellent except in close vicinity of the hard sphere/fluid

contact plane where a slight deviation can be observed.

This deviation slightly increases upon the reducing the

size of large sphere. This is not surprising as the

performance of the theory should improve with increasing

the size of the macroparticles. Finally, it does the best job

in the limit of infinite macroparticle size resembling a flat

single hard wall.

A general observation following from the comparison

between the theoretical DFT predictions and simulation

data confirm the “universality” of the adjustable parameter

l, which is comprised in the DFT calculations. This means

that it is independent on the external field responsible for

the generation of the spatial inhomogeneous structure of

the fluid. At a given set of bulk density and potential

parameters, the value of this parameter is determined by

Figure 5. Same as figure 4 but for R ¼ 2.5s.

Figure 6. Same as figure 4 but for R ¼ 1.5s.

Figure 7. Monte Carlo (symbols) and density functional (lines) results
for the density profiles of the LJ fluid near a large spherical particle of
effective radius R ¼ 5.5s at the subcritical reduced temperature
T*=T*

c ¼ 0:8 and at two values of the bulk reduced densities: (i)
rbs

3 ¼ 0.04022 (gaseous state) and (ii) rbs
3 ¼ 0.68276 (liquid state). l

is the adjustable parameter determined by the single hard wall sum rule
considering the contact theorem using the exact simulation results for the
contact densities.
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a single hard wall sum rule. The same value for l can then

be used in the case of other external potentials. An absence

of the DFT results for the two sets of parameter: (i)

rbs
3 ¼ 0.37794, T*=T*

c ¼ 1:008 (in the phase diagram,

this supercritical state is located close to the critical point),

and (ii) rbs
3 ¼ 0.85606, T*=T*

c ¼ 0:65 (this subcritical

state is located in the vicinity of the gas– liquid

coexistence curve), stem from the fact that there is no

numerical solution to the Ornstein–Zernike (OZ) equation

for these “severe” conditions. As discussed in our previous

works, this deficiency of the theory is caused by the

approximation made in the bridge function entering the

OZ integral equation through a closure relation for the total

correlation function and thus does not disprove the

“universality” of the adjustable parameter.

4. Conclusions

In this paper we report extensive grand canonical Monte

Carlo simulation study of the structure of LJ fluid near a

single large hard sphere of various sizes. The LJ fluid in

this inhomogeneous system maintains equilibrium with

the bulk LJ fluid, which is at the conditions situated at

“dangerous” regions of the phase diagram, i.e. the

supercritical regions but near the critical temperature, or

subcritical regions but close to the gas–liquid coexistence

curve. The proposed simulation data for the broad range of

model parameters serve as a strict standard test for the

validity of any DFA, and concomitantly for the

“universality” of the adjustable parameter, which is

comprised in the DFA calculations. In this way, we found

that the “universality” of this parameter holds also for the

present inhomogeneous case. These results will also serve

as a useful starting point for the further investigation of

solvent-induced excess PMF in the similar systems. In a

recently proposed framework [16–19] for the calculation

of the solvent-induced excess PMF, the density profile of

solvent particles around a single spherical solute particle is

important input information. For this reason, a theoretical

method yielding sufficient and reliable results for this

inhomogeneous fluid structure is significant for numerical

implementation of the calculation framework.
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